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Abstract

In this paper the concept of a user specified validity sector is discussed. The idea of the
validity sector combines the work of Reckase (1986) and Shealy and Stout (1991). Reckase
developed methodology to represent an item in a multidimensional latent space as a vector. Item
vectors are computed using multidimensional item response theory item parameter estimates
obtained from such calibration programs as NOHARM II(Fraser, 1983). The direction indicated
by an item's vector indicates the composite of skills that the item is sensitive to measuring.
Shealy and Stout developed a procedure to detect test bias (SIB) which encourages the user to
identify (and condition on the scores from) only the most valid items. Ackerman (1991)
sugB.sted that the most valid items for a given test could be easily identified from a plot of the
item vectors. That is, the construct valid items should be measuring similar composites and thus
lie within a definable sector. Items which lie outside this sector are assessing unintended-to-bes
measured skills, and thus could be considered to be construct lnvalid. This paper describes
several uses of the validity sector including how it can be used to construct tests, to detect biased
items, and to define the raw score scale for a test.
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Assessing Construct Validity using
Multidimensional Item Response Theory

In their item bias detection procedure Shealy and Stout (1991) call upon the practitioner
to identify the most "valid” items to compute a single score for matching subjects. While testing
practitioners would like to believe that all of their items are measuring only one valid skill,
statistical analyses may suggest otherwise. If one or more items are capable of measuring
multiple skills the potential for bias exists. Item bias occurs when items discriminate between
levels of a nuisance ability for which two groups of interest have different underlying ability
distributions. By conditioning on only the most valid items the procedure is creating a more
unidimensional matching criterion and thus increasing the sensitivity to any differential group
performance on items that are influenced significantly by nuisance skills. Ackerman (1992)'
merged the concept of Shealy and Stout's valid test items with the graphic representation of
multidimensional items developed by Reckase (1986). Reckase developed the methodology to
represent the composite of skills an item is measuring in terms of a vector in a specified latent
space. By examining the spread of the item vectors, researchers can gain insight regarding the
multidimensionality of a test. If the results of a test are reported as a single score, the user is
implicitly assuming that items which contribute to that score are essentially unidimensional.
Thus, graphically, the item vectors should lie within a narrow sector called the validity sector.
Items lying within the sector are considered to be construct valid as they only distinguish between
levels of the intended-to-be-measured traits. Items lying outside of this sector are labeled
construct invalid because of their propensity to also discriminate between subjects’ abilities on
nonvalid or nuisance skills.

The purpose of this paper is twofold. First, I wish to encourage a mutual effort by item
writers and psychometricians to achieve a better understanding of what tests are actually
measuring. Ideaily, there should be a continuing dialogue between the two groups so that content
and construct guidelines, followed by item writers, can be statistically verified by
psychometricians. The second objective is to provide examples of different ways the concept of
the validity sector can be used to help bridge the substantive-statistical gap. Two possible uses
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will be discussed: statistically confirming the table of content specifications used in test
construction and identifying suspect items for item bias studies.

Theoretical Background

Multidimensional Irem Response Theory

The first step in determining the validity sector for a tst or subtest is to identify the
dimensionality of the latent space. Unfortunately, as anyone who has worked with real data will
confess, datasets composed of only ones aud zeroes do not have any clear identifying patterns
that delineate their dimensionality. It would be nice to scan the data as if it were one giant UPC
bar code and have a register "ring up” unidimensional data or better yet, Warning: this data is
two-dimensional. One popular and informal method that can be used however, is to examine
a scree plot of the eigenvalues. Although sometimes inconclusive and plagued with issues of-
nonlinearity and spurious counting of dimensions, the size of the eigenvalues in conjunction with
a substantive review of the items can provide insight into how many major traits are being
assessed. In any event, practitioners should not let computer programs make decisions for them.
An editorial review of test items to characterize or label the dimensions is very essential.

Theory based approaches for assessing dimensionality exist, for example McDonald's non-
linear factor analyses (McDonald, 1967) and Holland and Rosenbaum's conditional association
approach (Holland and Rosenbaum, 1986). Another approach is that suggested by Nandakumar
and Stout’s DIMTEST statistical procedure for assessing the lack of essenrial unidimensionality
(Stout, 1987; Nandakumar and Stout, 1990). This procedure allows the practitioner to assess
whether a specified subtest of items is dimensionally distinct from the remainder of the test. This
subtest could be specified either on the basis of content or some exploratory statistical approach
(e.g., a principal axis factor analysis). As a first step
this approach can be used to assess whether there is more than one dominant dimension
(d, > 1) present in the test. If d, > 1 is indicated, the procedure could be replicated with
smaller subsets to help identify the number of dominant dimensions.

After confirming the number of dimensions the multidimensional item parameters

can be estimated using a calibration program such as NOHARM [I(Fraser, 1983). NOHARM
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5

will only estimate the item parameters however: ability parameters can be subsequently found
using Newton-Raphson iterations. One note of caution is necessary: multidimensional item
response theory (MIRT) calibration requires a large number of examinees. To obtain satisfactory
two-dimensional item parameter estimates it is necessary to have at least 2000 examinees. Such
large sample sizes limit the use of multidimensional item response theory to large testing
populations such as national programs (e.g., ETS, ACT, ASVAB), statewide testing programs,
or large urban school districts.

Once multidimensional item parameters are obtained they can be graphically represented
using the work of Reckase (1986). This work provides an excellent foundation for examining
the interaction between multidimensional items and the underlying multidimensional ability
distributions for groups of interest. For simplicity, in this paper the latent ability space will be
taken to be two-dimensional in which one dimension represents the pure, intended-to—be—m&surec_!.
ability, denoted by 8 and the other dimension represents the nuisance abilities, denoted by n.

The ability y represents a skill that is not intended to be measured, but may be used by
examinees to solve an item with a potential for bias.

Reckase's research is based upon the multidimensional item response theory (MIRT) two-
parameter logistic (M2PL) model, that for the purposes of this paper, will be expressed in terms
of the true ability dimension, 6, , and the nuisance dimension, 8, The probability of a correct
response to item i by examinee j can be written as
eVPuly+only+d)

1
1.0+ Py onby - d) D

P(X,~11a,d,0;n )~

where X, is the score (0,1) on item i by person /, a, is the vector of item discrimination
parameters, d, is a scalar difficulty parameter of item i, and (8y,,85)) is the vector of ability

parameters for person j,

In a two-dimensional latent ability space (e.g., math and verbal ability dimensions), the
a;; and a vectors designate the composite of 8 and n that item j is measuring. If a;;, = a,,,
both dimensions would be measured equally well. However, if a; = 0and a,, = 1.0,

©
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6
discrimination would occur only along the 0, ‘limension with little or no discrimination in theg,
direction depending on the correlation between g, and 0,. If all of the items in a test are

measuring exactly the same (8,,08,) composite (i.e., the same "direction” in the (6,.6,)
coordinate system), the test would be strictly unidimensional. The more varied the composites
that are being assessed, the more multidimensional the test,

Reckase's work describes how to graphically represent an item that requires the
application of multiple abilities as vectors in a multidimensional latent space. The le 1gth of the
vector for item i is equal to the degree of multidimensional discrimination, MDISC. This can
be computed using the formula

MDISC ~ay+as )
MDISC is analogous to the unidimensional IRT model's discrimination parameter. The
measurement direction of the vector in degrees from the positive 8 axis is

a, - Arccos EE;;LSC-‘ 3)
This reference angle represents the composite of the 0,- 8, ability space that item i is best
measuring. The item vector originates at, and is graphed orthogonal to, the p=.5 equiprobability
contour. In the compensatory model described in (1) these equiprobability contours are always
parallel.
For item i, the distance, D;, from the origin to the p=.5 contour, is computed as

-d
MDISC

4

D, is analogous to the unidimensional IRT difficulty parameter. Because the discrimination
parameters are constrained 1o be positive, the item vectors can li¢ only in the third quadrant
(representing easy items) or in the first quadrant (representing more difficult items). Figure 1
illustrates the item response surface for a M2PL item vector whose parameters are: a,=1.8,
2;=.3, and d=.5. Also illustrated in the bottom portion of Figure ! is the item's vector,
superimposed upon the equiprobability contours of the response surface.

=~}
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Insert Figure 1 about here

Once the vectors for an item are graphically displayed the validity sector can be defined.
Qualitatively, it is simply the sector which contains the most homogeneous subset of item vectors.
How wide the sector should be, or which items should be included, relies upon the judgement
of the testing practitioner. Depending on the specificity of the trait being measured the width
of the validity sector will vary. The better a skill can be defined the narrower the sector; the
more ambiguous the trait the wider the sector. Ongoing research is studying the relationship
between Nandakumar and Stout’s test of essential unidimensionality, item discrimination, and
sector width.,

Detailed below are two explicit examples of how MIRT analyses and the concept of the
validity sector can be used in testing research. The intention is not to contrive one mor'e.
statistical analysis to add to the numerous analyses that researchers can perform on test data, but
rather, to develop a coherent methodology that will help provide a common basis of discussion
between item writers and measurement specialists. The goal is to provide a mechanism by
which the content and construct specifications of a test can be statistically verified.

Using the validity sector to confirm content differences

One major use of the validity sector would be to provide a statisticai validation of the
table of content specifications used by the item writers. For illustration purposes, a subset of
items from a 60-item ACT Assessment Mathematics Usage Test was calibrated using NOHARM
to fit the M2PL model. This subset of items was created according to a two-way table of
specifications. There were threc levels of content: Pre-Algebra, Elementary Algebra, and
Intermediate Algebra, and two levels of skill: Basic Skills and Application.

Pre-Algebra items included items which required the examinee to algebraic operations
with whole numbers, decimals, and fractions. Elementary Algebra items involved operations
with algebraic expressions, including the factoring of quadratic equations. The third category,
Intermediate Algebra items were based on operations using integer exponents, radical
expressions, linear inequalities, and solving systems of two linear equations. The Preliminary

©
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Technical Manual for the Enhanced ACT Assessment (1989) states that the Basic Skills items
were designed to be solved by "performing a familiar sequence of operations in a familiar
setting” (p.17). Solutions to Application items are expected 10 be obtained by executing a
"familiar sequence of operations, but the solution [would] not be routine” (p.17).

Item vector plots (obtained using NOHARM 1I) for each six cells of :hc table of
specifications are shown in Figure 2. Based upon these plots it appears that the Pre-Algebra/
Basic Skills items are the most homogeneous and contain items whose vectors lie in a very

narrow sector (17°). Except for the number of items, the Elementary and Intermediate Algebra

items do not appear to have any distinguishing characteristics. Both contain items that have a
wide range of measurement composites. For each of these contents, the Application items are
more discriminating (i.e., have longer vectors) than the Basic Skills items.

Insert Figure 2 about here

A review of the actual items, (insight which could be reinforced by item writers), suggests
that items with large measurement angles tend to be more equation-oriented and contain little
text. A typical item of this type would be:

Which of the following expresses 60 as a product of prime numbers?

a. 2x3x6

b. 2x2x15
C. 2x2x3 x5
d. 2x3x3x58
€. 1x2x5x8

Note the above item had a measurement angle of 82°. Based upon the types of items that were
measuring the §,-axis the second dimension was labeled as an algebraic symbol manipulation

skill. 1t should also be noted that the easier items, those which lie in the third quadrant, tend to
discriminate primarily between levels of this ability.

e
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Elementary and Intermediate algebra items which had very small measurement angles
contained much longer item stems and could be classified as "story problems”.

An example of an item which measured mostly 8, is

Joe has taken 4 tests in his algebra class Iuring the
current grading period, earning test scores of 86, 66,
78, and 81. A student needs an average score of 80 on
5 tests to earn a "B" for the class. What is the
minimum (integer) score Joe can earn on his next test
in order to have an average of at least 80 for the 5
tests?

a. 83
bl 85
c. 87
dl 89
el 91

This item had a measurement angle of 12°. Most of the items with low measurement angles
required the examinee to read a verbal description, translate the problem into a algebraic form,
and solve. Hence, the @, axis was labeled as a verbal skill and algebraic translation dimension.
A review of the vector plots indicates that this dimension appears to be measured by the more
difficult items. One might wonder if there is a confounding of difficulty and dimensionality (cf.
Davey, Ackerman, & Reckase, 1989),

The information presented in Figure 1 could also be quantified. An example is displayed
in Table 1. This table lists the means and standard deviations of the MDISC and difficulty values
for the items in each cell. Also provided is the range of the measurement angles for each cell,
and the width of the sector that encompasses all of the items. This table seems to confirm the

vector plots shown in Figure 2, The Intermediate Algebra items have the widest sector, 58.42° ,

and Elementary Algebra items the narrowest, 45.29°. The Application Elementary Algebra
items were the most discriminating items, Basic Skills Elementary Algebra items were the least

discriminating, p _ ...= 1.63 and .94 respectively. Pre-Algebra items were, on average, the
easiest set of items, 4, = -13, Elementary Algebra items the most difficult, 4, = ~72. Basic

Skills items tended to be easier and less discriminating than the Application items.

o I 0
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Insert Table 1 about here

Conceptually, one might think that each cell of the table should be measuring a unique
combination of skills in the latent space. Likewise, plots of the content classifications (collapsed
over skill level) should contain items with unique, non-overlapping sectors. However, based
upon the item vector plots this does not appear to be the case. One possible answer to explan
what seems to be happening is that the items are not distinguishing between levels of "Pre-
Algebra-ness” or "Elementary Algebra-ness” but rather some higher level skill that the cuts
across the content categories. For example, the skill to manipulate algebraic equations is not a
content category but rather a proficiency that transcends all of the algebra categories. The same
argument might apply to the skill levels when collapsed over content. The item vectors for each
content and each skill level are shown in Figures 3 and 4. '

Insert Figures 3 and 4 about here

As in the item vector plots for each content, there does not seem to be a unique sector
of the ability plane that is defined by each skill. These plots appear to raise more questions
about what is actually being measured than they answer. If an item writer were asked what the
test was measuring, the reply would probably be related to the content specifications from which
the items were created. If a psychometrician were asked the same question, the answer, if based
upon item vector plots, might detail higher order skills that run across the various contents. So
what is the real name of this test anyway? One could play it safe and call it a general
mathematics usage test but that wouldn't provide the examinee, nor the colleges which want to
use the scores, with much insight. But then again, maybe the vector plots are only providing a
resurrection of what the original test developers from ACT discovered long ago and hence
decided to call it a "mathematics usage” test. But hopefully, our analyses have become more
sophisticated an enable us to be more specific about what it is we are measuring and what it is
we are not measuring.

The discussion above is intended to serve as a staring point of dialogue between the item

o 1 1
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. writer and the psychometrician. There are many questions and concerns that need to be raised:
Most importantly, do we have the right dimensionality? (Hirsch and Reckase (1991) provided
excellent examples of how the orientation of item vectors can be totally reversed if the modeled
dimensionality is less than the real dimensionality.) What is the relationship between item
characteristics (i.e., wording, length of text, use of figures, content topic) and the measurement
angle? Is it possible to redefine the specifications of particular cells to make the measurement
composites of the items more homogeneous? Is it possible to construct easy items which measure
mostly the second ability dimension (i.e., algebraic translation of text)? The mutual goal should
be to identify the characteristics that produce items measuring certain ability composites. It is
expected that such a process will be iterative and require the experimentation of many
hypothesized relationships. The ultimate goal would be to have the psychometrician provide a
statistical affirmation of what the item writers believe their items are measuring.

Using the validity sector to detecting biased items

To examine bias within a multidimensional framework, the true and the nuisance ability
dimensions need to be identified and handled separately. The true ability ~an be thought £ as
some hypothetical theoretical ability (or linear composite of multiple abilities) that a test is
designed to measure. In reality, no matter how carefully test items are written, they have a
propensity to measure nuisance abilities as well. Nuisance abilities can be thought of as skills
or content information which the examinee needs to solve particular items but were not intended
to be assessed by the item writer. For example reading ability may be considered to be a
nuisance skill in a test designed to measure the pure ability of algebraic symbol manipulation.
Shealy and Stout (1991) proposed that researchers consider the conditional distribution of the
nuisance ability for each level of the valid ability. If this conditional distribution of the nuisance
ability differs across groups of interest, the potential for bias exists.

The issue of item bias and construct validity are interrelated. That is, the number of skills
being measured and the degree to which comparisons between groups are appropriate is a
construct validity issue. If a test lacks construct validity, then it is quite likely that some of the
items are measuring supplementary skills and the interaction between examinees and the examinee
and these items could result in bias. Bias will be realized if groups of interest differ in their

12
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underlying conditional distributions of these extraneous skills. Simply put, having items on a test
that are construct invalid is a necessary, but not sufficient cause of item bias.

If all the items are measuring only the val’~ <kill or construct, and the item-examinee
interaction is unidimensional, then any group ability differences will be due to impact, not bias.
Impact can be formally defined as a between-group difference in test performance aused by
group ability differences on the valid skili (e.g., the differences between the proportion correct
for two groups of interest on a valid item).

Shealy and Stout (1991) suggested that in performing a bias analysis the practitioner
identify the most valid items for creating a conditioning test score to match examinees. For each
test there should be a specified sector which envelops only those item vectors that are measuring
the composite of abilities the test was designed to measure for both groups. That is, all items
measuring these composites in this user specified sector may be considered to be valid. Figure.
3 displays an item vector plot from a subset of items from a ACT Mathematics Usage Tes.t
(Reckase, 1985). Outlined in this plot is a suggested validity sector. Notice that items that lie
outside of this sector discriminate mostly between levels of 9, proficiency and therefore have
the potential for eliciting bias. This bias would be manifested if the two groups of interest
differed on this secondary skill. Consequently, these items, referred to as construct invalid
items, would be the suspect items in an item bias study. Once identified the practitioner could
use either the Mantel-Haenszel procedure (Holland & Thayer, 1990) or the Simultaneous Item
Bias (SIB) detection procedure developed by Shealy and Stout (1991) if testing the items one at
a time seems appropriate. It should be noted that SIB also does have the capability to test for
bias in multiple items simultaneously.

Insert Figure 4 about here

Ackerman (1992) has demonstrated that by using the items that lie within a narrow
validity sector the reference composites (Wang, 1986) for the two groups of interest in a bias
analysis will be quite similar. The reference composite is a linear approximation to the direct;on
of measurement in the latent space being measured by the unidimensional based maximum
likelihood estimate. This is paramount to any bias study. If the reference composites for the two

Q 13
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groups lie in different directions the interpretation of the score scale for each group would have
quite different meanings and any subsequent bias analysis that matched subjects would be
comparing "apples with oranges”.

Conclusion

The purpose of this paper was to provide insight into how the item writer and the
psychometrician could use multidimensional item response theory to evaluate the construct
validity of a test. Two examples were provided in which the information provided by validity
sectors was used to improve the understanding of the measurement process. In the first instance,
the table of specifications of a mathematics usage test was explored by examiaing the item
vectors for each cell in the table. By examining the width and degree of overlap of the validity
sectors one can gain insight about the amount of unique and redundant information different
content or skill levels are providing. Ideally, psychometricians working with item writers can
eventually establish the characteristics of items which cause them to measure particular latent
ability composites.

The second example demonstrated how items with the greatest potential for eliciting bias
can be easily determined by constructing a plot of the item vectors and establishing a validity
sector. Such an analysis should be coordinated with subsequent MH or SIB bias analyses.

The intent of this paper is not to suggest changes in the job descriptions of either item
writers or psychometricians. It is expected that the psychometrician, based upon the level of
training and expertise would conduct the MIRT analysis and create the item vector plots. But,
it is hoped that item writers (in concert with psychometricians) would be able to understand what
the item vector plots mean and hopefully provide a substantive interpretation.

One should never overlook the difficulty of multidimensional analyses and the problem
of aetermining the correct number of interpretable dimensions. In this paper all of the
multidimensional examples assumed there were only two dimensions. If there are three
identifiable dimensions, the validity sector would become a "validity cone”. In more than three
we might consider a "hyper cone”.

14
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The intent of the validity sector concept is to help bridge the conceptual and statisucal gap
between item writers and psychometricians. The closer the statistical analyses can come to
verifying the underlying test specifications the more accurately one can explain to an examinee
what skills are being assessed and how accurately. Some day it would be nice if the story an
item writer would tell an examinee about what a test measured was the same story a
psychometrician, talking about the same test and in the same language, would tell.

15
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Skill

Basic Skills Application Total
Content
B ypisc 96 (.26) 1.13 (.43) 1.00 (.39)
By .64 (.66) =20 (.91) .15 (.91)
Pre-algebra o range® 66.50 - 83.50 36.52 - 85.29 36.52 - 85.29
Sector
Width® 17.00 48.77 48.77
n 4 8 12
B upIsC .94 (.40) 1.63 (.36) 1.25 (.52)
Elementary B - 19 (.79) -1.40 (1.57) -.72 (1.33)
algebra e range 32.76 - 67.09 21.80 - 57.81 21.80 - 67.09
Sector
Width 34.33 36.01 45.29
n 5 5 9
P apisc 1.06 (.44) 1.34 (.73) 1.23 (.64)
Intermediate ) -.47 (1.28) -1.10 (1.16) -.08 (1.42)
algebra x range 25.59 - 75.41 18.74 - 77.16 18.74 - 77.16
Sector
Width 49.82 58.42 58.42
n 7 9 16
Ty 1.00 (.39) 1.33 (.59)
Total ) -.11 (1.09) -.82 (1.39)
a range 25.59 - 83.50 18.74 - 85.29
Sector
Width 57.90 66.55
n 16 21

Note: ‘denotes standard deviation value
®values are in degrees

‘number of items
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Figure Captions

Figure 1, The item response surface and corresponding contour with the item vector
for the M2PL parameters, a,=1.8, a,=.3, d=.5.

Figure 2. Item vectors for each cell in the two-way classification scheme of the table of
specifications.

Figure 3. Item vectors for each of the three content categories.
Figure 4. Item vectors for each of the two skill categories.

Figure 3. A validity sector detailing construct valid items and potentially biased items.
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